Abstract. Let W be an n-dimensional complex manifold or a smooth algebraic variety and Z ⊂ W . Assume Z ∼ = P 2 , n ≥ 3 and that the normal bundle N Z,W of Z in W is a direct sum of line bundles with negative degree. Let Z (∞) denote the formal completion of W along Z. Here we compute the dimension of the deformation space of several " general " vector bundles A on Z (∞) in terms of the splitting type of N Z,W and the integers c 1 (A|Z) and c 2 (A|Z).
Vector bundles on an infinitesimal neighborhood of a negative and split plane
Let W be either an n-dimensional complex manifold or a smooth n-dimensional algebraic variety. Assume n ≥ 3 and the existence of Z ⊂ W such that Z ∼ = P 2 (in the holomorphic or the algebraic category) such that the nornal bundle N Z,W of Z in W is isomorphic to the direct sum of n − 2 line bundles with negative degree. Let Z ∞ denote the formal completion of W along Z. Here we compute the dimension of the deformation space of several " general " vector bundles A on Z (∞) in terms of the splitting type of N Z,W and the integers c 1 (A|Z) and c 2 (A|Z). We will first describe that quite often this deformation space is smooth.
Remark 1.
Fix an integer m ≥ 0, a vector bundle E m on Z (m) and a vector bundle F on Z. Set E := E m |X and assume that E is simple, i.e. assume h 0 (Z, End(E)) = 1. Since N Z,W * is a direct sum of line bundles with negative degree and ω Z has degree −4, Serre duality implies 
Our aim will be the computation of the integer β(E) when A and E have rank two and E is simple (but not necessarly stable). Since N Z,W * is a direct sum of line bundles, to compute β(E) (for any such fixed N Z,W ) it is sufficient to compute all integers β(E, t)
Hence the socalled Cayley-Bacharach condition is satified and hence there is a rank 2 vector bundle on P 2 fitting in the the case t = 0 (and hence in the general case) of the following exact sequence ([1]):
If h 0 (I S (c 1 )) = 0, then E is simple. In particular we get that E is always simple if c 1 ≤ 0. If c 1 > 0, then we may take E stable (and hence simple) if S ⊂ P 2 is general and the extension (2) is general ( [1] ). We have rank(E) = 2, c 1 (E) = c 1 and c 2 (E) = s. Hence E * ∼ = E(−c 1 ). Thus End(E) ∼ = E(−c 1 ). Thus tensoring (2) with E * (t) we get the following exact sequence
Since (S) = s and E has rank 2, h 0 (I S ⊗ E(t)) ≥ max{0, h 0 (E(t)) − 2s} for all t ∈ Z. By Serre's vanishing theorem we a priori know that h
) for all integers t > 0. Let z be the first integer ≥ max{0, −c 1 } such that s < (z + c − 1 + 2)(z + c 1 + 1)/2. We always assume h 0 (I S (z + c 1 − 1)) = 0. This is true if S is general. From (2) we get h 0 (E(t)) = (t + 2)(t + 1)/2 for all t < z, while h 0 (E(w)) > (w + 2)(w + 1)/2 for all w ≥ z. Thus h 0 (I S ⊗ E(t)) = (t + 2)(t + 1)/2 for all 0 ≤ t < z. For any P ∈ P 2 let 2P denote the first infinitesimal neighborhood of P in P 2 , i.e. the closed subscheme of P 2 with (I {P } ) 2 as its ideal sheaf. For any finite B ⊂ P 2 set 2B := ∪ P ∈B 2P . Fix a ∈ H 0 (I S ⊗ E(t)) such that a is not in the image of H 0 (O(t)) by the map induced in cohomology by (2) . Let a ∈ H 0 (I S (t + c 1 )) be the image of a by the map induced in cohomology by (2) . By assumption we have a = 0.
Claim: a ∈ H 0 (I 2S (t + c 1 )). Proof of the Claim: It is sufficient to prove that a ∈ H 0 (I 2P (t + c 1 )) for all P ∈ S. Fix P ∈ S. It is sufficient to show that a |D vanishes of order at least 2 at P for every germ at P of a smooth curve D passing through P . Call b the image in H 0 (E(t)) of the section of E inducing the extension (2) for t = 0 multiplied by a degree t homogeneous form not vanishing at P . Let m denote the maximal ideal of the local ring O D,P . Chosing a local basis of E at P we may see the pair (a, b) as a 2 × 2 matrix with entries in m. Hence its determinant vanishes with order at least 2 at P , proving the Claim.
From now on we assume that S is general in P 2 . This assumption implies h 0 (I 2S (x)) = max{0, (x + 2)(x + 1)/2 − 3s} and h 1 (I 2S (x)) = max{0, 3s − (x + 2)(x + 1)/2} for all integers x ≥ 3, unless (s, x) = (5, 4) ( [2] ). We have
We have h 0 (I 2S (1)) = 0 for all s > 0. Since S is general, we get h 0 (E(t)) = (t + 2)(t + 1)/2 for all 0 ≤ t < z and h 0 (E(t)) = (t + 2)(t + 1) − s for all t ≥ z. Let η be the first integer ≥ max{0, −c 1 } such that (η + 2)(η + 1) ≥ 6s. If (s, η + c 1 ) / ∈ {(2, 2), (5, 4)}, then the Claim and [2] imply h 0 (I S ⊗ E(t)) = (t + 2)(t + 1)/2 for all 0 ≤ t < η and h
We summarize Example 1 in the following statements. (2) . Set β(E, t) := H 0 (I S ⊗ E(t)). Then β(t) = (t + 2)(t + 1)/2 for all 0 ≤ t < η and β(E, t) = (t + 2)(t + 1)/2 − 3s = h 0 (E(t)) − 2s for all t ≥ η. β (Σ(a 1 , . . . , a n−2 )).
